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Abstract
In [2] we have classified the Blaschke quasi-umbilical submanifolds in
the conformal space Qns . In this paper we shall classify the Blaschke para-
umbilical hypersurfaces in the conformal space Qns . That may be also
considered as the extension of the classification of the conformal isotropic
submanifolds in the conformal space Qns .
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§ 1. Introduction.
Let RNs denote pseudo-Euclidean space, which is the real vector space R
N with
the non-degenerate inner product 〈, 〉 given by
〈ξ, η〉 = −
s∑
i=1
xiyi +
N∑
i=s+1
xiyi,
1T. Z. Li is supported by the grant No. 11571037 of NSFC;
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where ξ = (x1, · · ·xN ), η = (y1, · · · , yN ) ∈ RN .
Let
Cn+1 := {ξ ∈ Rn+2s+1 |〈ξ, ξ〉 = 0, ξ 6= 0},
Qns := {[ξ] ∈ RP n+1|〈ξ, ξ〉 = 0} = Cn+1/(R\{0}).
We call Cn+1 the light cone in Rn+2s+1 and Q
n
s the conformal space (or projective
light cone) in RP n+1.
The standard metric h of the conformal space Qns can be obtained through the
pseudo-Riemannian submersion
π : Cn+1 → Qns , ξ 7→ [ξ].
We can check (Qns , h) is a pseudo-Riemannian manifold.
We define the pseudo-Riemannian sphere space Sns (r) and pseudo-Riemannian
hyperbolic space Hns (r) with radius r by
Sns (r) = {u ∈ Rn+1s |〈u, u〉 = r2}, Hns (r) = {u ∈ Rn+1s+1 |〈u, u〉 = −r2}.
When r = 1 we usually omit the radius r. When s = 1 and r = 1 we call them
de Sitter space Sn1 and anti-de Sitter space H
n
1 .
We may assume Qns to be the common compactification of R
n
s , S
n
s and H
n
s ,
and Rns , S
n
s and H
n
s to be the subsets of Q
n
s when referring only to the conformal
geometry.
When s = 0, our analysis in this text can be reduced to the Moebius subman-
ifold geometry in the sphere space (see [4]).
This paper is organized as follows. In Section 2 we recall the submanifold
theory in the conformal space Qns and give the relations between conformal in-
variants and isometric ones for submanifolds in several particular surroundings.
In Section 3 we classify the conformal surfaces in Q31. In Section 4 we classify the
Blaschke para-umbilical hypersurfaces in Qns .
§ 2. Fundamental equations.
We recall the scheme of submanifold theory in the conformal space Qns first. A
classical theorem tells us that
Theorem 2.1.(see [3]) The conformal group of the conformal space Qns is
O(n− s + 1, s + 1)/{±1}. If ϕ is a conformal transformation on Qns , then there
is A ∈ O(n− s+ 1, s+ 1), such that ϕ = ΦA and ΦA([X ]) = [XA].
Suppose that x :Mmt → Qns (s ≥ 1) is anm-dimensional Riemannian or pseudo-
Riemannian submanifold with index t(0 ≤ t ≤ s). That is, x∗(TM) is non-
degenerate subbundle of (TQns , h) with index t(0 ≤ t ≤ s). When t = 0 we
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call M space-like submanifold. When t > 0 we call M pseudo-Riemmanian
submanifold. Especially when t = 1,M is called Lorentzian submanifold or time-
like submanifold. From now on, we always assume that the submanifold x has
index t(0 ≤ t ≤ s).
Let y : U → Cn+1 be a lift of x :M→ Qns defined on an open subset U of M.
We denote by ∆ and ρ the Laplacian operator and the scalar curvature of the
local non-degenerate metric 〈dy, dy〉. Then we have
Theorem 2.2. (cf. [3]) Suppose that x : M → Qns is an m-dimensional
Riemannian or pseudo-Riemannian submanifold with index t(0 ≤ t ≤ s). On M
the 2-form
g := ±(〈∆y,∆y〉 − m
m− 1ρ)〈dy, dy〉
is a globally defined conformal invariant of x.
Definition 2.1. We call an m-dimensional submanifold x :M→ Qns a regular
submanifold if the 2-form g := ±(〈∆y,∆y〉 − m
m−1
ρ)〈dy, dy〉 is non-degenerate. g
is called the conformal metric of the regular submanifold x :M→ Qns .
In this paper we assume that x :M→ Qns is a regular submanifold. Since the
metric g is non-degenerate (we call it the conformal metric), there exists a unique
lift Y : M → Cn+1 such that g = 〈dY, dY 〉 up to sign. We call Y the canonical
lift of x.
Definition 2.2. The two submanifolds x, x˜ are conformally equivalent, if there
exists a conformal transform σ : Qns → Qns , such that x˜ = σ ◦ x.
It follows from Theorem 2.1 that
Theorem 2.3. Two submanifolds x, x˜ : M → Qns are conformally equivalent
if and only if there exists T ∈ O(n− s+ 1, s+ 1) such that Y˜ = TY , where Y, Y˜
are canonical lifts of x, x˜ , respectively .
Let {e1, · · · , em} be a local basis of M with dual basis {ω1, · · · , ωm}. Denote
Yi = ei(Y ). We define
N := − 1
m
∆Y − 1
2m2
〈∆Y,∆Y 〉Y.
Analogous to the corresponding calculation of [13], we have
〈N, Y 〉 = 1, 〈N,N〉 = 0, 〈N, Yk〉 = 0, 1 ≤ k ≤ m.
We may decompose Rn+2s+1 such that
Rn+2s+1 = span{Y,N} ⊕ span{Y1, · · · , Ym} ⊕ V
where V⊥span{Y,N, Y1, · · · , Ym}. We call V the conformal normal bundle for
x : M → Qns . Let {ξm+1, · · · , ξn} be a local basis of the bundle V over M.
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Then {Y,N, Y1, · · · , Ym, ξm+1, · · · , ξn} forms a moving frame in Rn+2s+1 along M.
We adopt the conventions on the ranges of indices in this paper without special
claim:
1 ≤ i, j, k, l, p, q ≤ m; m+ 1 ≤ α, β, γ, ν ≤ n.
We may write the structural equations as follows
dY =
∑
i
ωiYi; dN =
∑
i
ψiYi +
∑
α
φαξα; (2.1)
dYi = −ψiY − ωiN +
∑
j
ωjiYj +
∑
α
ωαi ξα; (2.2)
dξα = −φαY +
∑
i
ωiαYi +
∑
β
ωβαξα, (2.3)
where the coefficients of {Y,N, Yi, ξα} are 1-forms on M.
It is clear that A :=
∑
i ψi⊗ωi,B :=
∑
i,α ω
α
i ⊗ωiξα,Φ :=
∑
α φ
αξα are globally
defined conformal invariants. Let
ψi =
∑
j
Aijω
j, ωαi =
∑
j
Bαijω
j, φα =
∑
i
Cαi ω
i.
Denote the covariant derivatives of these tensors with respect to conformal metric
g as follows: ∑
j
Cαi,jω
j = dCαi −
∑
j
Cαj ω
j
i +
∑
β
Cβi ω
α
β ;
∑
k
Aij,kω
k = dAij −
∑
k
Aikω
k
j −
∑
k
Akjω
k
i ;
∑
k
Bαij,kω
k = dBαij −
∑
k
Bαikω
k
j −
∑
k
Bαkjω
k
i +
∑
β
Bβijω
α
β .
The curvature forms {Ωij} and the normal curvature forms {Ωαβ} of the subman-
ifold x :M→ Qns can be written by
Ωij =
1
2
∑
kl
Rijklω
k ∧ ωl = ωi ∧ ψj + ψi ∧ ωj −
∑
α
ωiα ∧ ωαj ;
Ωαβ =
1
2
∑
kl
Rαβklω
k ∧ ωl = −
∑
i
ωαi ∧ ωiβ.
Denote
gij = 〈Yi, Yj〉, gβγ = 〈ξβ, ξγ〉, (gij) = (gij)−1, (gβγ) = (gβγ)−1,
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Rijkl =
∑
p
gipR
p
jkl, Rαβkl =
∑
ν
gανR
ν
βkl.
Then the integrable conditions of the structure equations are
Aij,k − Aik,j = −
∑
αβ
gαβ(B
α
ijC
β
k −BαikCβj ); Bαij,k − Bαik,j = gijCαk − gikCαj ;
Cαi,j − Cαj,i =
∑
kl
gkl(BαikAlj − BαjkAli); Rαβij =
∑
klγν
gαγgβνg
kl(BγikB
ν
lj − BνikBγlj);
Rijkl =
∑
αβ
gαβ(B
α
ikB
β
jl − BαilBβjk) + (gikAjl − gilAjk) + (Aikgjl − Ailgjk).
Furthermore, we have
tr(A) =
1
2m
(
m
m− 1ρ± 1); Rij = tr(A)gij + (m− 2)Aij −
∑
klαβ
gklgαβB
α
ikB
β
lj ;
(1−m)Cαi =
∑
jk
gjkBαij,k;
∑
ijklαβ
gijgklgαβB
α
ikB
β
jl = ±
m− 1
m
;
∑
ij
gijBαij = 0.
From above we know that in the case m ≥ 3 all coefficients in the PDE sys-
tem (2.1)-(2.3) are determined by the conformal metric g, the conformal second
fundamental form B and the normal connection {ωβα} in the conformal normal
bundle. Then we have
Theorem 2.4. Two hypersurfaces x :Mmt → Qm+1s and x˜ : M˜mt → Qm+1s (m ≥
3) are conformal equivalent if and only if there exists a diffeomorphism f :M→
M˜ which preserves the conformal metric and the conformal second fundamental
form. In another word, {g,B} is a complete invariants system of the hypersurface
x :Mm → Qm+1s (m ≥ 3).
When ǫ = 1, 0,−1, let the pseudo-Riemannian space form Rns (ǫ) denote Sns ,Rns ,
Hns , respectively. Let σǫ : R
n
s (ǫ) → Qns be the standard conformal embedding(
see [3]).
Next we give the relations between the conformal invariants induced above and
isometric invariants of u :Mmt → Rns (ǫ). Let {e1, · · · , em} be an local basis for u
with dual basis {ω1, · · · , ωm}. Let {em+1, · · · , en} be a local basis of the normal
bundle of u. Then we have the first and second fundamental forms I, II and the
mean curvature vector
−→
H . We may write
I =
∑
ij
Iijω
i ⊗ ωj, II =
∑
ijα
hαijω
i ⊗ ωjeα
5
(I ij) = (Iij)
−1,
−→
H =
1
m
∑
ijα
I ijhαijeα :=
∑
α
Hαeα.
From the structure equations
du =
∑
i
ωiui, dui =
∑
j
θjiuj +
∑
α
θαi eα − ǫωiu, deα =
∑
j
θjαuj +
∑
β
θβαeβ,
we have
∆Iu = m(
−→
H − ǫu), ρI = m(m− 1)ǫ+ (m2|−→H |2 − |II|2),
where
|−→H |2 =
∑
αβ
IαβH
αHβ, Iαβ = (eα, eβ); |II|2 =
∑
ijklαβ
IαβI
ikIjlhαijh
β
kl.
For the global lift y :M→ Cn+1, the conformal factor of y is
e2τ = ± m
m− 1(|II|
2 −m|−→H |2). (2.4)
Furthermore, we have
∆Iu = m(
−→
H − ǫu), ρI = m2|−→H |2 − |II|2, (2.5)
Aij = τiτj +
∑
α
hαijHα − τi,j −
1
2
(
∑
ij
I ijτiτj + |−→H |2 − ǫ)Iij, (2.6)
Bαij = e
τ (hαij −HαIij), eτCαi = Hατi −
∑
j
hαijτ
j −Hα,i , (2.7)
where τi,j is the Hessian of τ respect to I and H
α
,i is the covariant derivative of
the mean curvature vector field of u in the normal bundle N(M) respect to I.
§ 3. Conformal surfaces in Q31.
In this section let x : Mmt → Qm+1s be an m-dimensional regular hypersurface
with index t(0 ≤ t ≤ s). We use the notations in Section 2 and omit all normal
scripts in the formulas because the codimension now is one. Let
Aij =
∑
k
gikAkj , A = (A
i
j),
Bij =
∑
k
gikBkj, B = (B
i
j).
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We rewrite some equations occurred preciously in the new form as follows
∑
ij
BijB
j
i =
m− 1
m
,
∑
i
Bii = 0, (3.1)
Bij,k − Bik,j = gijCk − gikCj , Aij,k − Aik,j = BijCk − BikCj , (3.2)
Ci,j − Cj,i =
∑
k
(BikA
k
j − BjkAki ), (3.3)
∑
i
Aii =
1
2m
(
m
m− 1ρ± 1). (3.4)
Definition 3.1. We call an m-dimensional regular submanifold x : M → Qns
conformal if the conformal form Φ ≡ 0.
Let x : M → Q31 be a regular space-like surface. We can write the structural
equations as
ei(N) =
∑
j
AjiYj + Ciξ, ei(ξ) = CiY +
∑
j
Bji Yj, (3.5)
ej(Yi) = −AijY − gijN +
∑
k
ΓkijYk +Bijξ.
Since m = 2, we can find an orthonormal basis e1, e2 of x from (3.1) such that
B = diag(
1
2
,−1
2
).
If x is a conformal surface, we have Ci = 0, i = 1, 2. It implies from (3.2) that
Bij,k, Aij,k are all symmetric with respect to the subscripts. For the same reason
that x has vanishing conformal form, by (3.3), we can modify the orthonormal
basis e1, e2 such that
A = diag(a, b).
Taking i, j various values in
∑
k
Bij,kω
k = dBij −
∑
k
Bikω
k
j −
∑
k
Bkjω
k
i , (3.6)
we have
B11,i = B22,i = 0, i = 1, 2.
Therefore B12,i = 0, i = 1, 2. Letting i = 1, j = 2 in (3.6), we get the connection
of x is flat, i.e., ω12 = 0. It follows from (3.4) that
a+ b = −1
4
. (3.7)
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In addition, we may assume that there exist local co-ordinates u, v such that
e1 =
∂
∂u
, e2 =
∂
∂v
.
Taking i = 1, j = 2 in
∑
k
Aij,kω
k = dAij −
∑
k
Aikω
k
j −
∑
k
Akjω
k
i , (3.8)
and noting ω12 = 0, we have
A12,i = 0, i = 1, 2.
So, when taking i = j = 1 and i = j = 2 in (3.8) respectively, we know that
av = bu = 0. Adding (3.7) we shall see that a, b are both constant.
Next, we have the structural equations as the following new form
Nu = aYu, Nv = bYv, ξu =
1
2
Yu, ξv = −1
2
Yv, (3.9)
Yuv = 0, Yuu = −aY −N + 1
2
ξ, Yvv = −bY −N − 1
2
ξ. (3.10)
So, we know from Yuv = 0 that Y can be split as
Y = F (u) +G(v).
Substituting it into the structural equations, we have
F ′′′ + (2a− 1
4
)F ′ = 0, G′′′ + (2b− 1
4
)G′ = 0. (3.11)
By (3.7) we have
(2a− 1
4
) + (2b− 1
4
) = −1. (3.12)
In the following we discuss the resolve into three essential cases by noting the
character of the coefficients of the above PDEs (3.11).
Case I: 2a− 1
4
< 0, 2b− 1
4
< 0.
Let 2a− 1
4
= −r2. Then 2b− 1
4
= r2 − 1 and 0 < r < 1. We have a particular
resolve
F = (r cosh(ru), 0, r sinh(ru), 0, 1),
G = (0,
√
1− r2 cosh(
√
1− r2v), 0,
√
1− r2 sinh(
√
1− r2v), 0).
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And we know that any resolve (Y,N, Yu, Yv, ξ) of PDEs (3.9) and (3.10) is different
from the initial resolve (Y,N, Yu, Yv, ξ)0 up to a isometric transformation T in R
5
2,
i.e., (Y,N, Yu, Yv, ξ) = T (Y,N, Yu, Yv, ξ)0. So
Y = F +G := (x, 1)
= (r cosh(ru),
√
1− r2 cosh(
√
1− r2v), r sinh(ru),
√
1− r2 sinh(
√
1− r2v), 1)
locally determines a surface x : H1(r)× H1(√1− r2) → H31 whose canonical lift
is Y .
Case II: 2a− 1
4
< 0, 2b− 1
4
> 0.
Let 2a − 1
4
= −r2 − 1. Then 2b − 1
4
= r2 and r > 0. We have a particular
resolve
F = (1, r cosh(
√
r2 + 1u), r sinh(
√
r2 + 1u), 0, 0),
G = (0, 0, 0,
√
r2 + 1 cos(rv),
√
r2 + 1 sin(rv)).
And we know that any resolve (Y,N, Yu, Yv, ξ) of PDEs (3.9) and (3.10) is different
from the initial resolve (Y,N, Yu, Yv, ξ)0 up to a isometric transformation T in R
5
2,
i.e., (Y,N, Yu, Yv, ξ) = T (Y,N, Yu, Yv, ξ)0. So
Y = F +G := (1, x)
= (1, r cosh(
√
r2 + 1u), r sinh(
√
r2 + 1u),
√
r2 + 1 cos(rv),
√
r2 + 1 sin(rv))
locally determines a surface x : H1(r)× S1(√r2 + 1)→ S31 whose canonical lift is
Y .
Case III: 2a− 1
4
= −1, 2b− 1
4
= 0.
We have a particular resolve
F = (0, cosh u, sinhu, 0, 0),
G = (
v2
2
, 0, 0, v,
v2
2
− 1).
And we know that any resolve (Y,N, Yu, Yv, ξ) of PDEs (3.9) and (3.10) is different
from the initial resolve (Y,N, Yu, Yv, ξ)0 up to a isometric transformation T in R
5
2,
i.e., (Y,N, Yu, Yv, ξ) = T (Y,N, Yu, Yv, ξ)0. So
Y = F +G := (
〈x, x〉
2
, x,
〈x, x〉
2
− 1)
= (
v2
2
, cosh u, sinh u, v,
v2
2
− 1)
locally determines a surface x : H1 × R1 → R31 whose canonical lift is Y .
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Summing up, we obtain
Theorem 3.1 If x :M2 → Q31 is a space-like conformal surface, then it must be
locally conformally equivalent to one of the three standard embedding surfaces:
H1(r)×H1(√1− r2) ⊂ H31, H1(r)× S1(
√
r2 + 1) ⊂ S31, and H1 ×R1 ⊂ R31, where
all radii of sphere or hyperbolic forms should be positive.
Similarly, we shall get
Theorem 3.2 If x : M21 → Q31 is a time-like conformal surface, then it must
be locally conformally equivalent to one of the five standard embedding surfaces:
H11(r)×H1(
√
1− r2) ⊂ H31, S11(r)×H1(
√
1 + r2) ⊂ H31, S11(r)×S1(
√
1− r2) ⊂ S31,
R11 × S1 ⊂ R31, and S11 × R1 ⊂ R31, where all the radii of (pseudo-Remannian)
sphere or hyperbolic forms should be positive.
§ 4. Blaschke para-umbilical hypersurfaces in Qns .
We remind readers that we shall retain the assumption on the head of Section
2. First, we give the
Definition 4.1. We call an m-dimensional regular hypersurface x : Mmt →
Qm+1s Blaschke para-umbilical if there exist a smooth function λ, µ on M such
that
A = λIm + µB, and Φ ≡ 0, (4.1)
where Im means m order unit matrix.
Remark 4.1. This definition is well-defined and it has no matter with the
choose of local basis ofM. When n = m+1, a Blaschke quasi-umbilical subman-
ifold reduces to a Blaschke para-umbilical hypersurface(c.f. [2]).
We have
Proposition 4.1. If u : Mmt → Rm+1s (ǫ) is a regular hypersurface with con-
stant scalar curvature ρI and mean curvature H , then x = σǫ ◦ u is a Blaschke
para-umbilical hypersurface in Qm+1s .
Proof Because of (2.4) and (2.5), we know immediately that |−→H |2 and |II|2
are both constant. And one can easily see that the conformal factor e2τ =
± m
m−1
(|II|2 − m|−→H |2) =constant. If the unit normal vector of hypersurface x
is space-like (or time-like), then we denote ε = 1 (or −1). By use of (2.6)and
(2.7), it follows from above that
e2τA = εHh+
1
2
(ǫ− εH2)Im,
eτB = h−HIm, Ci = 0, ∀i.
If we choose λ = 1
2
e−2τ (ǫ + εH2), and µ = εeτH , we can verify that all the
conditions of a Blaschke quasi-umbilical submanifold are satisfied.
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Proposition 4.2. Suppose that x :Mmt → Qm+1s is a Blaschke para-umbilical
hypersurface in Qm+1s . Then the smooth function λ in (4.1) must be constant.
Proof Suppose that ξ is the unit normal vector of hypersurface x. Then from
(3.1) and (3.5) we get
ei(N) = λei(Y ) + µei(ξ).
That means,
dN + λdY + µdξ = 0, (4.2)
which implies that
dλ ∧ dY + dµ ∧ dξ = 0.
Letting λi = ei(λ), µi = ei(µ), combining with (3.5) and the vanishing conformal
form, we have ∑
ijk
λiω
i ∧ ωjδkj Yk +
∑
ijk
µiω
i ∧ ωjBkj Yk = 0.
Because of the linear independence of {Y1, · · · , Ym} and the Cartan’s lemma, we
have
λiδ
k
j + µiB
k
j = λjδ
k
i + µjB
k
i . (4.3)
Because x has vanishing conformal form, by (3.3), we can choose an appropriate
orthonormal basis {e1, · · · , em} such that
A = diag(ai), B = diag(bi).
For (4.2), fixing i, letting j = k, and taking summation over j, it follows from
(3.4) that
λi − 1
m− 1µibi = 0. (4.4)
Taking i 6= j = k in (4.2), we get
λi + µibj = 0, i 6= j. (4.5)
From (4.4) and (4.5) we have
µi(bj +
1
m− 1bi) = 0, i 6= j. (4.6)
If µi’s are all zero, it follows from (4.4) that λi’s are all zero. Then λ, µ are both
constant over M.
On the contrary, if µi’s are not all zero, without the loss of generality, we may
assume that µ1 6= 0, then combining (3.1) and
bi = − 1
m− 1b1,
11
we can adjust the orient of the unit normal vector ξ such that
b1 =
m− 1
m
, b2 = · · · = bm = − 1
m
. (4.7)
In the following we adopt the conventions on the ranges of indices
2 ≤ α, β ≤ m.
Taking i, j various values in (3.6), we have
B11,i = Bαβ,i = 0, ∀i.
Therefore B1α,i = 0, ∀i. Taking i = 1, j = α in (3.6), we have ω1α = 0. Similarly
as precious induction in Section 3, we have
R1α1α = 0 = εb1b2 + a1 + aα, (4.8)
where ε = 〈ξ, ξ〉. So we know that A = (a1)⊕ (a2Im−1). By (4.1) we get
a1 + a2 = 2λ+ (b1 + b2)µ. (4.9)
Combining (4.7)-(4.9), we get
2λ+
m− 2
m
µ = ε
m− 1
m2
,
Therefore
2λ1 +
m− 2
m
µ1 = 0. (4.10)
Taking i = 1, j = 2 in (4.5), we have
λ1 =
1
m
µ1. (4.11)
Substituting (4.11) into (4.10), we get
µ1 = 0.
This is a contraction to the assumption µ1 6= 0. So, if M is connected, then
λ = constant, µ = constant.
If we take trace of the first equation of (4.1), we will find by (3.4) that
mλ = tr(A) =
1
2m
(
m
m− 1ρ± 1) =
1
2(m− 1)ρ±
1
2m
. (4.12)
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which implies that the conformal scalar curvature
ρ = constant.
Using the structural equations in Section 2, we have
−mN = ∆Y + tr(A)Y.
From (4.12), we get
−mN = ∆Y +mλY. (4.13)
Therefore by Proposition 4.1 and (4.2) we can find a constant vector −→c ∈ Rn+2s+1
such that
N = λY + µξ +−→c . (4.14)
It follows from (4.13) and (4.14) that
〈−→c , Y 〉 = 1, 〈−→c , ξ〉 = −εµ2, 〈−→c ,−→c 〉 = −2λ + εµ2, (4.15)
where ε = 〈ξ, ξ〉.
Then we discuss into the following three cases.
Case 1: 〈−→c ,−→c 〉 = −2λ+ εµ2 = 0.
By use of an isometric transform of Rn+2s+1 if necessary, assume that
−→c = (1, 0, 1).
Letting
Y = (x1, u, xn+2),
it follows from the first equation of (4.15) and 〈Y, Y 〉 = 0 that
Y = (
〈u, u〉 − 1
2
, u,
〈u, u〉+ 1
2
).
Then x determines a hypersurface u :Mmt → Rm+1s with
I = 〈du, du〉 = 〈dY, dY 〉 = g,
which implies that
∆I = ∆, ρI = ρ = constant.
We know from [2] that
ξ = εHY + (0, ζ, 0), (4.16)
where ζ is the unit normal vector of u. It follows from the first and the second
equations of (4.15) and (4.16) that
H = −µ2 = constant.
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Then, u is a regular hypersurface with constant scalar curvature and mean cur-
vature in Rm+1s . In this case x is locally conformally equivalent to a regular
hypersurface with constant scalar curvature and mean curvature in Rm+1s .
Case 2: 〈−→c ,−→c 〉 = −2λ+ εµ2 := −r2, r = constant > 0.
By use of an isometric transform of Rn+2s+1 if necessary, assume that
−→c = (r, 0).
Letting
Y = (x1, u/r),
by similar method as above we have
x1 = 1/r.
So
Y = (1, u)/r, 〈u, u〉 = 1.
Then x determines a hypersurface u :Mmt → Sm+1s with
I/r2 = 〈du, du〉/r2 = 〈dY, dY 〉 = g,
which implies that
r2∆I = ∆, ρI = ρ/r
2 = constant.
We know from [2] that
ξ = εHY + (0, ζ), (4.17)
where ζ is the unit normal vector of u. It follows from the first and the second
equations of (4.15) and (4.17) that
H = −µ2 = constant.
Then, u is a regular hypersurface with constant scalar curvature and mean cur-
vature in Sm+1s . In this case x is locally conformally equivalent to a regular
hypersurface with constant scalar curvature and mean curvature in Sm+1s .
Case 3: 〈−→c ,−→c 〉 = −2λ+ εµ2 := r2, r = constant > 0.
By use of an isometric transform of Rn+2s+1 if necessary, assume that
−→c = (0, r).
Letting
Y = (u/r, xn+2),
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similarly we have
xn+2 = 1/r.
So
Y = (u, 1)/r, 〈u, u〉 = −1.
Then x determines a hypersurface u :Mmt → Hm+1s with
I/r2 = 〈du, du〉/r2 = 〈dY, dY 〉 = g,
which implies that
r2∆I = ∆, ρI = ρ/r
2 = constant.
We know from [2] that
ξ = εHY + (ζ, 0), (4.18)
where ζ is the unit normal vector of u. It follows from the first and the second
equations of (4.15) and (4.18) that
H = −µ2 = constant.
Then, u is a regular hypersurface with constant scalar curvature and mean cur-
vature in Hm+1s . In this case x is locally conformally equivalent to a regular
hypersurface with constant scalar curvature and mean curvature in Hm+1s .
So combining Proposition 4.1 we get
Theorem 4.1. Any Blaschke para-umbilic hypersurface in Qns is locally con-
formally equivalent to a regular hypersurface with constant scalar curvature and
mean curvature in Rns , S
n
s , or H
n
s .
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